Strong monotonicity in mixed-state entanglement manipulation 
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A strong entanglement monotone, which never increases under local operations and classical com- 
munications (LOCC), restricts quantum entanglement manipulation more strongly than the usual 
monotone since the usual one does not increase on average under LOCC. We propose new strong 
monotones in mixed-state entanglement manipulation under LOCC. These are related to the decom- 
posability and 1-positivity of an operator constructed from a quantum state, and reveal geometrical 
characteristics of entangled states. These are lower bounded by the negativity or generalized ro- 
bustness of entanglement. 
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I. INTRODUCTION 

It is a key concept for quantum information science 
that distant parties can manipulate quantum entangle- 
ment by local operations and classical communication 
(LOCC). However, the entanglement manipulation suf- 
fers some fundamental restrictions: LOCC cannot create 
entanglement and LOCC cannot increase the total 
amount of entanglement. This monotonicity is charac- 
terized by mathematical functions E(a), called entan- 
glement monotones 2] . When a quantum state gj is ob- 
tained from a with probability pi > by LOCC (i indexes 
the multiple outcomes), the functions satisfy 



E{a)>Y,P^E{Q^), 



(1) 



and therefore E[a) does not increase on average under 
LOCC. Many such monotones have been proposed such 
as entanglement measures (e.g. entanglement cost 0, 
distillable entanglement and relative entropy of en- 
tanglement 3), negativity robustness of entangle- 
ment 0,13, best separable approximation (BSA) measure 
and so on [l^. 
On the other hand, there exists a much stronger re- 
striction in the entanglement manipulation: the Schmidt 
number 1 which is a general extension of the Schmidt 
rank to mixed states, cannot increase even with an in- 
finitesimally small probability. This type of restriction, 
called strong monotonicity here, may be characterized by 
strong monotone functions M{a) which satisfy 



M{a)>M{Qi) for all ft 



(2) 



Namely M{a) never increases under LOCC. Note that 
the strong monotones are generally discontinuous func- 
tions as explicitly shown later. Concerning the conver- 
sion between bipartite pure states, the Schmidt number 
is a unique strong monotone (the conversion is impossible 
when the Schmidt rank of the target state is larger than 
that of the initial state, but otherwise the conversion is 
possible with nonzero probability [Hill). Positive par- 
tial transpose preserving (PPT-preserving) operations 



can overcome the monotonicity of the Schmidt number, 
and therefore all pure entangled states become convert- 
ible under PPT-preserving operations Here, a 
map A is called PPT-preserving operations [l7| when 
both A and FoAor is a completely positive (CP) map with 
r being a map of the partial transpose . On the other 
hand, the manipulation of mixed-state entanglement still 
suffers some restriction even under PPT-preserving oper- 
ations in single-copy settings 0, . This implies that 
there certainly exists strong monotonicity independent 
on the Schmidt number in mixed-state entanglement ma- 
nipulation. 

In this paper, we propose new strong monotones which 
are related to the decomposability and 1-positivity of an 
operator constructed from a quantum state. Here, an 
operator Z is called decomposable when Z is written as 
Z = X + Y^ with X, F > 0, and Z is called 1-positive 
when {ef\Z\ef)>Q for every product states |e/) (see e.g. 
[Slla, Hi m milll for the relation between entan- 
glement and decomposability or 1-positivity). The sin- 
glet fraction and negativity maximized over (stochastic) 
LOCC are also strong monotones, but strong monotones 
studied in this paper are slightly different from those 
and reveal geometrical characteristics of entangled states. 
These are lower bounded by the negativity or generalized 
robustness of entanglement. 



II. STRONG MONOTONE Mi 

The first strong monotone we propose is the following: 

Theorem 1: Let = P — Q he the Jordan decomposi- 
tion (orthogonal decomposition) of and hence P>0, 
Q>0, and PQ — 0. The function Mi{a), which is defined 
as the minimal x subject that a—{\—x)P^ is decomposable, 
is a strong monotone, i.e. Mi{a) never increases under 
LOCC (and even under PPT-preserving operations). 

Note that a-—{l—x)P^ is always decomposable for x — 1, 
and hence Mi{a) < 1. Before proving the above theorem, 
let us show explicit examples of Mi (a) for several impor- 
tant classes of states. 

(i) Separable states: For every PPT states {a^ > 0), 



2 



we have = a and hence a — {l — x)P^ = xa which is 
decomposable only for x > 0. Since all separable states 
are PPT states, Afi(CT) = for every separable a. 
(ii) Entangled pure states: Let 



El 



(3) 



be a maximally entangled state on C^^C^ and = 
\(l^d){4'd\- When a = P;^ , P = Pf/d where P| is the 
projector onto the symmetric subspace on C'^^C'''. Any 
decomposable operator Z must satisfy {ef\Z\ef) >0 for 
every product states |e/), i.e. 1-positive, but 

(01|P+ - (1 - = -i^. (4) 

Therefore P^ — (1 — a;)(P//d)^ cannot be decomposable 
for a; < 1 and Mi(P^) = 1 independent on d. It has 
been shown that an entangled \tp) can be converted to 
P^ by LOCC where r> 2 is the Schmidt number of 
[l3|. Since Mi never increases under LOCC and Mi< 1, 
we have Mi{\ip)) = 1 for every entangled jV')- There- 
fore, Ml does not distinguish entangled pure states at 
all. This property however is desirable for the purpose of 
this paper that is to study strong monotonicity indepen- 
dent on the Schmidt number. As mentioned before, the 
Schmidt number is a unique strong monotone concern- 
ing the conversion between pure states. Therefore, the 
strong monotones independent on the Schmidt number 
should not distinguish entangled pure states. 

It should be noted that Afi (|e/)) = as shown in (i) but 
in the close vicinity of |e/) there always exists a partially 
entangled pure state 1-0) for which Mi{\ip)) = 1. As a 
result, it is found that Mi(a) is a discontinuous function. 

According to the above examples (i) and (ii), the fol- 
lowing is concluded: 

Corollary 1: If a is single-copy distillahle under LOCC 
(or under PPT-preserving operations), then Mi(a) — 1. 

(iii) Antisymmetric Werner states: For an antisym- 
metric Werner state of erf = 2/{d'^-d)Pf, P = (1^ - 
Pj)/{d^-d) where td and P^ is the identity on C^^U^ 
and projector onto the antisymmetric subspace on C''^ 
C*, respectively. Then, 



{m\a^-{l-x){ 



P; 



d'^-d 



|00> 



d2 



(5) 



which cannot be decomposable for x < 1, and Mi {<y^) = 1. 

(iv) Convex combination of do o,nd P^ : Let CTq = Po — 
Qo be the Jordan decomposition. For the state of 

a = ao + APo^, (6) 

(t'" = (1 + A)Po — Qo (here a is not normalized but Mi (a) 
does not depend on the normalization). As a result, 

(T - (1 - x)P^^a^ + \P^ - (1 - x)(l + \)P^ 

= ao- [l-x(l + A)]Po^ (7) 



and therefore 



Ml (a) 



Ml ((To) 



1 + A 

for the state of Eq. ijHJi. An entangled isotropic state 



c7i = vPI + il-v)- 



P+ 

d^-l ' 



(8) 



(9) 



2rf(l-i)) 



where 77 > 1 /d, can be rewritten as cr/ oc <^o+ (^di]-i)(d+i) ^ 
withCTo = P/ [correspondingly P(f = (lfrMP/)/(2d)], and 
therefore 



Mi{ai) 



(dr/-l)(d+l) 



{dr^ + l){d-l) 
Similarly, for an entangled Werner state 



aw — fJ-- 



^ P/ + (1-^)_1-P|, 



d-^-d " ' '^'d^ + 2 
where /i>l/2, putting ao = (jf we have 

(2^- l)(rf+l) 



Mi{(Tw) 



2^ + d- 1 



(10) 



(11) 



(12) 



It has been mentioned that 77 of an isotropic state 
and /Lt of a Werner state cannot increase under LOCC 
[2^. This can be confirmed by Mi{ai) and Mi{aw), 
and moreover it is found that this is the case even un- 
der PPT-preserving operations, since these functions are 
monotonic with respect to 77 and /i, respectively, and 
these never increase under LOCC and even under PPT- 
preserving operations. 

Equating Eq. ^ and Eq. (O, we have a relation: 



(^-1)^ 
(d-2)?7-|-l' 



(13) 



and therefore the reversible conversion of aw ^ aj is not 
prohibited by Mi if fi and rj satisfy Eq. ((T^ . Indeed, 
this reversible conversion is possible by PPT-preserving 
operations, whose trace non-preserving maps are 

aw-^aj: A{X) = (trXP/)P+ + (trXP|)i^, 



ai^aw : A{X) - (trXP+)P/ + (trX(l,-P+)) 



d+l ■ 



It should be noted however that the conversion of aw — > 
aj under LOCC suffers the strong monotonicity due to 
the Schmidt number because it is 2 for an entangled aw 
but larger than 2 for cr/ when ri>2/d {d>2) [ij. 

(v) Two-qubit states: Let us consider an entangled Bell 
diagonal state: 



CTB = }Pi\ei){ei\, ipo>Pi>P2>P3), 



1=0 



(14) 



where po > 1/2 so that as is entangled. The Bell basis 
is chosen as la) = {i\ilj~) ,i\(j)'^)} with 10^) = 
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(|00)±|ll))/\/2 and IV-^^) = (|01)±|10))/y2, which is the 
magic basis and hence \ei) = (ct2 ® o-2)|e*) — \ei) 0, H^. 
Then we have 



For the decomposability of such a Bell diagonal operator, 
the following is useful: 

Lemma 1: An operator ^ = X]i=o on , 

where ai>ai+i, is decomposable (and 1-positive) ij and 
only i/ 02 + 03 > . 

Proof: When A on €? ® is expressed as A= {I ® 
Q)P2 with O bein g a map, the following four statements 
are equivalent [27L l28j: (a) A is decomposable, (b) 8 is 
a decomposable positive map, (c) 8 is a positive map, 
and (d) A is 1-positive. Since je^) is an orthogonal set. 



III. A FAMILY OF STRONG MONOTONES 

Let us now prove the theorem 1. Our starting point is 
the following function: 



Af(cr) 



trr2(cr_) 
mm sup — —7 r. 



(17) 



where the minimization is performed over all possible 
decompositions of a = (t+ — (t_ such as a+ € C+ and 
CT_ G C_. Note that a± (unnormalized) are not neces- 
sarily positive, and the sets C± are specified later. The 
supremum is taken for all possible operations O that be- 
long to some operational class £o-, which may depend 
on a. Then, suppose that a is converted to g by LOCC 
or PPT-preserving operations with nonzero probability 
p, and hence there exists a PPT-preserving map h.a~*g 
such that A„^g{a)=pg (LOCC is also PPT-preserving). 
Moreover suppose that the sets C± have been chosen such 
that {l/p)Aa-^g{a±) = g± GC±, and suppose that £0- has 



any pure state is expanded as = ELo ^^e,) with been chosen such that rtoA^^g e for every n £ C 



Ei|Ai| =1. So that \^) is a product state, (i/'lV') = 
E = • When the real and imaginary part of Ai is 
and Ci , respectively, the above two conditions are written 
Y.i ''j^ = El cf = 1/2 and Ei ^i^z = 0. Therefore, the 
four dimensional real vectors r and c, whose elements are 

2 _ l;?|2 _ 



Under these assumptions, the function M((t) is indeed a 
strong monotone because 



M((t)= min sup 



cr±ec± ne£„ trri(cr+) 



r,; and Ci, respectively, satisfy \r\ 



and it is easy to see r|-|-c|<l/2. 



1^^ = 1/2 and f-c = 0, 
Then, 



trfi O Acr^g((T_) 



> min sup 



mm sup 



i=0 



i=0 



trn(e_) 
(^'±ic± siG-Cg trf)(£>+) 

. trr!(g_) 
> mm sup — — 

g±ec± oe£„ tTil{g+) 



= M{g), 



(18) 



= a2 - (02 - a3){rl + C3) > -(02 + as), 

and therefore if 02-1-03 > then {ef\A\ef) > for every 
|e/). Conversely, if 03-^03 <0 then (00|^|00)<0. ■ 
Using this lemma, it is found that Eq. (|15|) is decom- 
posable if and only if a;> (2po — 1)/(1 — 2pi), and 



2po- 1 
l-2pi 



(16) 



for an entangled ctb ■ It has been shown that po of the en- 
tangled Bell diagonal state cannot increase under LOCC 
[29j | . By Eq. ((TB|l , it is found that pi also cannot increase 
unless pq is decreased. It has been shown further that 
almost all entangled two-qubit states can be converted 
to Bell diagonal states by LOCC in a reversible fashion 
Such reversible LOCC does not change Mi, and 
hence Mi{a) for such the entangled two-qubit state a 
agrees with Eq. (|16|l of the converted <jb- 

Note that Eq. H16|) is equal to 1 for pi — l—po, and 
therefore Af 1 (cr) = 1 for every entangled two-qubit states 
of rank-2. However, two-qubit states of rank-2 are not 
single-copy distillable 'si'l (though a special state is quasi 
distillable 30, 32]) under LOCC and even under PPT- 
preserving operations 

Therefore the converse of 
the corollary 1 does not hold in general. 



and M never increases under the conversion oi a g 
if it is possible with nonzero probability. Note that the 
function M is neither convex nor concave in general. 

Then, let us consider the case where C± = {A\A^>0}. 
Namely, the minimization in Eq. (|17|l is performed over 
all possible decomposition such as cr'" = 04. —a_ with 0+ > 
and a_ > 0. This is the same decomposition introduced 
in as the minimization problem for the negativity (see 
also 01). Since Aa-^g is PPT-preserving, roAo-^gor is 
a CP map. Therefore g^^ {l/p)ToAa->gor{a±)>0 and 
g± G C± is satisfied . The explicit form of the function 
M((t) in this case, denoted by Mi{a), is 



Ml (a) 



trl7(or) 
i±>'ong£„ tril(a+) 



mm sup 



(19) 



where is chosen as a set of PPT-preserving operations 
restricted to tTQ{a) > (note that the optimization is 
supremum considering tvfl^a) — > 0). For this choice of 
Co-, floAcr^gG Ccr for every flGCg and hence the strong 
monotonicity Eq. (|18|l holds. Here, suppose that there 
exists a nonzero positive operator o > such that o'^ = 
a±— o>0 for some decomposition of = a^—a-. Then, 



trf7(o'L) trf7(a'i)-ftrr2(o^) trr2(o'i) 

max , „ , = max ■ — r-^ > max — , 

n tTQ{al) n trQ{a'f) + trn{a^) " n trn{a'l) 
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where trn(a'^) =tr[rof]or(a)] >0 and trfi(aj) = trf)(cr)+ 
trr2(a'_r) > trSl(a'i') were used. As a result, it is found 
that the minimization in Eq. (|19|l is reached when a± 
are orthogonal to each other and hence 



Ml (a) 



max 



(20) 



with ^P—Q being the Jordan decomposition. More- 
over, it can be assumed that fl — TZoQ where 



n{x)^ dudv{u (g>v)x{u (g)V) 



t 



(21) 



is the random application of local unitary transforma- 
tions. All such PPT-preserving operations have the form 
of 



n{X) = {trXA)l 



(22) 



with ^ > and > Moreover, since Q is re- 

stricted to trrj(fT) > and hence tril{P^) = tI^l{a) + 
trn{Q^) > 0, we can assume trP'^yl = 1 without loss 
of generality. Then, Mi{a) is reduced to Mi(cr) = 
maxAtr{Q^ A) subject that 



A>0, A^ >0, tiP^A = 1. 



(23) 



This is a convex optimization problem, whose optimal 
value coincides with the optimal value of the dual prob- 
lem [s^l- Since 

tiQ^A = -tiYA^ - x{l - trP^A) 

-tTA{-Q^ + xP^ -Y^) + x, (24) 

where a: is a Lagrange multiplier, the dual problem is 
Mi{a) = mmx subject to the constraints of y>0 and 



X 



-Q' +xP' ^Y' 



{l-x)P^ 



> 0. 



(25) 



These constraints can be read as a~{l—x)P^=X+Y^ with 
X,Y>0, and consequently the theorem 1 is obtained. 

It is obvious that Mi{a) is a strong monotone under 
PPT-preserving operations because Co- was chosen as a 
set of PPT-preserving operations. Then, let us consider 
another function M^'^^{a) for which in Eq. (|19|1 is 
replaced by the set of LOCC restricted to trQ{a) > 0. By 
this, since the set of stochastic LOCC coincides with the 
set of stochastic separable operations, the constraints of 
Eq. 1(23) become ^ 



A>0, A is separable, trP A 
Following an idea of [s^ and putting 



1. 



(26) 



(27) 



with qi>0, we have 
trg^A = -x(l- 



decomposable 



1 -positive 

(e/IZIe/>>0 




FIG. 1: The set of positive operators (unnormalized states) 
and set of PPT operators are schematically shown as two 
circles. The intersection of the two circles corresponds to the 
set of (unnormalized) PPT states. The set of decomposable 
operators corresponds to the convex cone of the two circles. 
Moreover, the set of 1-positive operators embodies the set of 
decomposable operators. When = P — Q is the Jordan 
decomposition, is located on the edge of the set of PPT 
operators. P^ is an unnormalized PPT state for many classes 
of states, but sometimes P^ is not a state (see 113 )■ On the 
other hand, S = a — {l — x)P^ is located on the edge of the 
set of 1-positive operators. The ratio of the interior division 
X corresponds to the strong monotone M^''^{a). When S is 
located on the edge of the set of decomposable operators, 
the ratio of the interior division x corresponds to the strong 
monotone Afi(cr). 



(28) 



Therefore, it is found that the corresponding dual prob- 
minx subject to 



lem becomes M^'^^{cr) 



{ef\a - (1 - x)P^\ef) > for every |e/). 



(29) 



i.e. subject that a—{l — x)P^ is 1-positive. This dual 
problem for M{"^^((t) has a simple geometrical meaning 
as well as Afi (cr) as shown in Fig.Q] 

Although M^'^^ is a strong monotone only under LOCC 
(not under PPT-preserving operations), all examples (i)- 
(v) for Ml also hold for M*"^^ without any modification, 
namely Mi (tr) = M^^^{a) for those classes of states. Note 
that when Z = a—{l—x)P^ is expressed as Z={FiSB)P^, 
if O is a non-decomposable positive map for some x, then 
Ml (a-) > Ml"'' (a) (see also Fig. [ij. Here F is a map of 
the local filter that converts l/d to Zji = tTBZ {Za must 
be positive so that Z is 1-positive). Note further that 
from Eq. (|19|l . Mi(cr) and M^'^ia) is lower bounded by 
the negativity iV(cr) = (tr|cr^|-l)/2 as 



(30) 
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IV. STRONG MONOTONE Ma 

Let us return to Eq. (|17|1 and consider the ease where 
C+ = {A\A > 0,Ais separable} and C_ ^ {A\A > 0}, 
namely the same decomposition for the minimization 
roblem of the generalized robustness of entanglement 
"1 (see also ^j). Moreover, £„■ is chosen as a set of 
LOCC restricted to trf7(cr) > 0. When A^^^ is LOCC, 
g+ = {l/p)Aa^g{(J+) is separable and g±£C± holds. The 
explicit form of the function Af (ct) in this case, denoted 
by M^^ia), is 



, , . trf] (cr_ 

(cr) = mm sup 



(31) 



with the constraints of cr = (7+ — (t_, a± > 0, and (T_(- is 
separable. Since tril(cr_)/tril(CT+) — tril{a^)/[tril{a) + 
trr2((7_)], we have Q<M2'^^{a) < 1. Likewise to the case 
of M^'^^{(t), the dual problem for M2'^^{a) is 

M2*^((t) — minminx, 

(T — (1 — a;)(T+ is 1-positive 

(7 = 0-+ — cr_, cr^ > 0, (7+ is searable. (32) 

For every separable a, M2^^{(t) = because the decom- 
position of cr+ =a and (T_ =0 exists. On the other hand, 
it is somewhat surprising that Mg'^^dV')) — 1 for every 
entangled 1-0). To see this, let a = P.^ on C^®C^, and let 
Z = P^—{l—x)a+ = (F(g)9)P2^ using a local filtering map 
F and some map Q. When F corresponds to a rank-1 
projection, Z is 1-positive only when Z >0. However, 
Z >0 for X <1 only when cr+ = , which is not sepa- 
rable and not allowed as a decomposition of cr. When F 
corresponds to a projection of rank-2, Z is 1-positive if 
and only if Z is decomposable, and hence Z = X + 
must hold with X,Y>0. For a; < 1, Z is not positive, and 
hence must have a negative eigenvalue, Y^ must have 
three positive (and one negative) eigenvalues [s^ll^l, and 
Z = X + Y^ must have three positive eigenvalues. How- 
ever, Z cannot have three positive eigenvalues because 
of cr+ > 0. After all, the constraints in Eq. (|32|l cannot 
be satisfied for cc < 1, and hence M2'^^(P2^) = 1- Since 
all pure entangled can be converted to P2 by LOCC 
and M^"^^ never increases under LOCC, M^'^^d'ip)) = 1. 
Moreover, as in the case of the example (iv) for Mi{a), 
for the mixed state of 



a = aa + Xa 



(33) 



where constitutes an optimal decomposition for ctq, it 
is found that 



1 + A 



(34) 



since (1 + A)cr^ is not necessarily optimal for cr. In 
this way, M2'^^(cr) g [0, 1] certainly represents non-trivial 
strong monotonicity under LOCC, and we have 

Theorem 2: The function M^^^^a), which is defined 
by Eq. yS'^) . is a strong monotone under LOCC. If a is 
single-copy distillahle under LOCC, then M!^'^^ {a) = \. 



Note that M2^P{a-) and M2(cr) (defined below) are 
lower bounded by the generalized robustness of entan- 
glement Rg 



as 



M2 cr > M2 "{(j) > mm = 

o-± trcr+ 1 + Rg[o') 



(35) 



Here, M2{cr) is a strong monotone for which Ccr in Eq. 
(|ST|l is chosen as the set of PPT-preserving operations, 
and hence A/2(cr) is defined such that the constraint of 
the 1-positivity in Eq. (|32|l is replaced by the constraint 
of the decomposability. 



V. SUMMARY 



We proposed four strong entanglement monotones. 
Ml, M^^P , M2, and M!^'^^ , and studied those properties. 
All these strong monotones take 1 for every pure entan- 
gled states and hence represent the strong monotonicity 
independent on the Schmidt number in mixed-state en- 
tanglement manipulation. Moreover, these strong mono- 
tones provide necessary conditions for single-copy dis- 
tillability. These are lower bounded by the negativity 
or generalized robustness of entanglement. All these 
strong monotones are derived from the strong monotone 
function A/(cr) given by Eq. H17|) . whose optimization 
problem of the supremum concerning LOCC or PPT- 
preserving operations can be reduced to a simple con- 
vex optimization problem. The constraint of the dual 
optimization problem is described by the decomposabil- 
ity and 1-positivity of an operator constructed from a 
given quantum state, and it clearly reveals the geometri- 
cal characteristics of entangled state as shown in Fig. ^ 
In this paper, we concentrated our attention on the bi- 
partite systems but it is obvious that these strong mono- 
tones can be applicable to every bipartite partitioning of 
multipartite systems. 

Finally, let us briefly discuss the relation between the 
strong monotones studied in this paper and asymptotic 
distillability. If cr is asymptotically distillable, there must 
exist a trace-preserving LOCC (ended by twirling) which 
produces an isotropic state close to a maximally entan- 
gled state, namely there must exist LOCC A such that 
A (cr*^" ) = cr/ with 77 ^ 1 for n ^ 00 . Here aj is an isotropic 
state given by Eq. and the distillable entanglement 
Eu is given by (log? d)/n^ En (cr) with d being the di- 
mension of cr/ [33|. On the other hand, Mi(cr/) 1 for 
77 — > 1 as explicitly shown in Eq. (|10|l [Mi (cr) is a dis- 
continuous function but it is continuous on an isotropic 
state]. This implies that 



1 > Mi(a«") > A/i(A(a«")) = Mi (a/) 



1, 



(36) 



and therefore Mi(cr®") must satisfy Mi(cr«'") 1 for 
n — > cxD so that a is asymptotically distillable. In this 
way, the asymptotic behavior of Afi(cr®") provides a con- 
dition necessary to the asymptotic distillability. How- 
ever, since the negativity satisfies iV(cr®") — > 00 for ev- 
ery non-PPT (NPT) states, it is found using Eq. ^ 
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that Mi(cr®")^l for every NPT states. Therefore, Mi 
does not provide any non-trivial result concerning asymp- 
totic distillability unfortunately. This is the case for 
M;f'^^((T®") also. On the other hand, it is open whether 
M2'^^(fT®") ^ 1 for every NPT states or not [as far as we 
know the asymptotic behavior of i?G(cr®") for every NPT 
states has not been shown yet] . Note that the continuity 
of M,^'^^ on an isotropic state is also open. 

The problem obtaining the tractable criterion for 
single-copy distillability in higher dimensional systems 
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